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Single-Valued Mappings, Multivalued Mappings and 
Fixed-Point Theorems 
1. INTR~DU~TIOS 
Fixed-point theorems for multivalued upper semicontinuous mappings have 
been proved by Bohnenblust and Karlin [2], Fan [8], Browder [6], Takahashi 
[20], and others. And fixed-point theorems for nonexpansive mappings have 
been proved by Browder [3, 41, Gohde [lo], Kirk [12], Dotson [7], and others, 
while those for multivalued nonexpansive mappings have been proved by 
Markin [ 161, Lami Dozo [14], Assad and Kirk [l], Lim [15], and others. 
In this paper, in Section 2 we prove a common fixed-point theorem for a 
continuous mapping and a multivalued upper semicontinuous mapping in 
locally convex topological vector spaces under some additional conditions. 
In Section 3, we give several common fixed-point theorems for nonexpansive 
mappings and multivalued nonexpansive mappings in Banach spaces. In Section 
4, we prove a theorem which generalizes both types of fixed-point theorems for 
singlevalued and multivalued nonexpansive mappings in Hilbert spaces. Finally, 
in Section 5, we give fixed-point theorems for multivalued nonexpansive map- 
pings on star-shaped subsets of Banach spaces. 
2. FIXED-POINT THEOREMS IN TOPOLOGICAL VECTOR SPACES 
Let E be a separated locally convex topological vector space, K be a nonempty 
subset of E, and 2” be the family of all subsets of K. Let f be a single-valued 
mapping of K into K and T be a multivalued mapping of K into 2K. 
DEFINITION 1. T is said to be upper semicontinuous if for any closed subset F 
of K, T-'(F) = {X E K: T(x) nF j- G] is a closed subset of K. 
DEFINIUON 2. f and T are said to commute if for each x E K, f(T(x)) C 
T(f (4). 
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Suppose K is compact convex. If f is continuous, then by Tychonoff’s fixed- 
point theorem, A = {x E K: f (x) = x IS nonempty compact. If T is upper } . 
semicontinuous and for any x E K, T( x is nonempty compact convex, then by ) 
Fan’s fixed-point theorem [LX], B = {x E K: x E T(x)} is nonempty compact. 
Now we prove a common fixed-point theorem for a continuous mapping and 
an upper semicontinuous mapping. 
THEOREM 1. Let E be a separated locally convex topological vector space and 
K be a nonmepty compact convex subset of E. Let f be a continuous mapping of K 
into k’ and T be an upper semicontinuous mapping of K into 2K such that for any 
x E K, T(x) is nonmepty compact convex. If f and T commute and if A or B is 
convex, then there exists an element z E K such that f(z) = z E T(z). 
Proof. First suppose that A is convex. For any x E A, f (T(x)) C T(f (x)) == 
T(x); hence, f is a continuous mapping of T(x) into T(x). By Tychonoff’s 
theorem there is a y E T(x) such that f(y) = y. This shows that T(x) n A is 
nonempty. Define a mulivalued mapping 5’ of A into 2A by S(X) = 
T(x) n A (X E A); then S is upper semicontinuous and for each x E A, S(x) is 
nonempty compact convex. Thus, by Fan’s theorem, there is a fixed-point z of 
5’ in A. For this Z, we have f(z) = z E T(z). 
Now suppose that B is convex. For any x E B, f(x) E f (T(x)) C T(f (x)); 
hence f (2) E B. This implies that f is a continuous mapping of B into B. Hence, 
by Tychonoff’s theorem there exists an element z E B such that j(s) = Z. 
Q.E.D. 
As direct consequences of Theorem 1, we obtain the following corollaries. 
Corollary 1 generalizes Fan’s fixed-point theorem. 
COROLLARY 1. Let E be a separated locally convex topological vector space and 
K be a nonempty compact convex subset of E. Let f be a continuous afine mapping 
of K into K and T be an upper semicontinuous mapping of K into 2K such that for 
any x E K, T(x) is nonempty compact convex. If f and T commute, then there exists 
an element z E K for which f(z) = x E T(z). 
Corollary 2 generalizes Tychonoff’s fixed-point theorem. 
COROLLARY 2. Let E be a separated locally convex topological vector space 
and K be a nonempty compact convex subset of E. Let f be a continuous mapping 
of K into K and T be an upper semicontinuous mapping of K into 2K such that for 
each x E K, T(x) is nonempty compact convex. If f and T commute and 
T is afine, i.e., for any x, y E K and k (0 < k < I), kT(x) + (1 - k) T(y) C 
T(kx + (1 - k) y), then there exists a z E K such that f(z) = z E T(z). 
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3. FIXED-POINT THEOREMS IN BANACH SPACES 
Let X be a Banach space, K be a nonempty subset of -II, and I1 bc 
the Hausdorff metric induced by the norm of X. Letf be a mapping of K into 
X and T be a mapping of K into 2x such that for each x E K, T(x) is nonempt! 
bounded closed. 
DEFINITION 3. f is said to be a k-contraction if for any x, y E K, 
I/f(x) - f(y)/1 < k /! x - y II , where 0 ,< k < 1. If for any x, y E K, 
IIf -f(Y)11 G II x -Y II ,f is called nonexpansive. T is said to be a k-contrac- 
tion if for any x, y E K, D(T(x), T(y)) ,< k 11 x - y I/ , where 0 < k < I. If for 
any x, y E K, D(T(x), T(y)) ,( I/ x - y )) , T is called nonexpansive. 
DEFINITION 4. f is said to be asymptotically reguZar if f(K) C K and for 
each x E K, IIf” -fn+l(x)il + 0 as n + 00. 
DEFINITION 5. For any bounded subset A of X, let y(A) = inf{c > 0: 
A can be covered by a finite number of sets of diameter less than or equal to c}. 
y(A) is called the (set-)measure of noncompactness of A. 
The idea of measure of noncompactness is due to Kuratowski (cf. [13]). It 
can be seen that 
(i) 0 < y(A) < S(A) (the diameter of A), 
(ii) y(A) = 0 iff A is precompact, 
(iii) r(A u B) = maxb4-3, y(B)}, 
04 Y(A + B) G ~(4 + 14% 
(4 1434) = GO> h w ere ‘G(A) is the closed convex hull of A. 
DEFINITION 6. f is said to be a k-set-contraction if f is continuous and for 
any subset A of K, r(f(A)) < ky(A), where 0 < k < I. f is said to be condensing 
iff is continuous and for each subset A of K such that y(A) > 0, r(f(A)) < y(A). 
It is obvious that if f is a k-contraction, then f is a k-set-contraction, and that 
if f is a compact mapping, then f is condensing. Also k-set-contraction mappings 
(where k < 1) are condensing. 
DEFINITION 7. A Banach space X is said to satisfy Opial’s condition if the 
following holds: 
If a sequence {x,,} is weakly convergent to x,, in X, and if x # x,, , then 
liy+inf I/ x, - x /I > lim inf I/ x, - x0 /I . 
vim 
Banach spaces that satisfy Opial’s condition include Hilbert spaces and 
/I’ (1 ,( p < CO) spaces. For further results related to Opial’s condition we 
refer the reader to [ 14, 171 and their references. 
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We have the following theorem in Banach spaces that satisfy Opial’s condi- 
tion. This extends a fixed-point theorem of Lami Dozo [ 141. 
THEOREM 2. Let X be a Banach space which satisfies Opial’s condition. Let K 
be a nonempty weakly compact convex subset of X,fb e a nonexpansive asymptotically 
regular mapping of K into K, and T be a nonexpansive mapping of K into 2K such 
that for any x E K, T(x) is nonempty compact. If .f and T commute, then there 
exists an element z E K such that f(z) = z E T(z). 
Proof. By Lami Dozo’s theorem [14], B = {x E K: x E T(x)} is nonempty. 
Let x E B be fixed. Since f and T commute, f(x) E f (T(x)) C T( f (x)); hence 
f(x) E B. Similarly, we have f n(x) E B (n = 2, 3,...). Since K is weakly compact, 
there exists a subsequence {f “i(x)} of {f n(x)} such that {f “i(x)} converges 
weakly to some z E K. Considering that X satisfies Opial’s condition and f is 
asymptotically regular, we havef(z) = Z. Further z E T(z) holds. In fact, by a 
theorem of [14], I - T is demiclosed, i.e., for any sequences {xn} in K and {y,} 
in X such that {a$ converges weakly to x0 and (y,> converges to y0 with 
Yn 6 “T,, - T(x,), y0 E x,, - T(x,). Thus we obtain z E T(z). Q.E.D. 
On compact convex subsets of any Banach space, the following holds. This is 
an extension of Bohnenblust and Karlin’s fixed-point theorem [2]. 
THEOREM 3. Let K be a compact convex subset of a Banach space, f be a 
continuous asymptotically regular mapping of K into K, and T be an upper semi- 
continuous mapping of K into 2K, where for any x E K, T(x) is nonempty compact 
convex. If f and T commute, then there exists an element z E K such that f (2) = 
z E T(z). 
Proof. By Fan’s theorem, B = (3 E K: x E T(x)) is nonempty. Fix x E B; 
then as in the proof of Theorem 2, {f n(x)} C B. Since K is compact, there is a 
subsequence {f “i(x)} of (f%(x)} such that {f ni(x)} converges to some z E K. 
For this Z, it follows that f (z) = z E T(z), b ecause f is asymptotically regular and 
T is upper semicontinuous. Q.E.D. 
In strictly convex Banach spaces we obtain the following theorem which is 
another generalization of Bohnenblust and Karlin’s theorem. 
THEOREM 4. Let X be a strictly convex Banach space and K be a nonempty 
bounded closed convex subset of X. Let f be a nonexpansive condensing mapping of 
K into K and T be an upper semicontinuous mapping of K into 2K such that for 
any x E K, T(x) is nonempty closed convex. If f and T commute, then there exists 
an element z E K such that f (z) = z E T(z). 
Proof. By Furi and Vignoli’s fixed-point theorem [9], A = {x E K: f (x) = x} 
is nonempty closed. Since X is strictly convex andf is nonexpansive condensing, 
518 ITOH ASU ‘I‘AKAHASHI 
A is compact convex. For any x E A,f is a mapping of T(s) into T(X); hence 1~~. 
[9] again there is a y E T(x) such that f(y) = y. Thus for any s E A, T(x) pi :I 
is nonempty. Define a multivalucd mapping S of -4 into 2” by S(X) :- T(X) n 
A(x E A); then S is upper semicontinuous and for any s E A, S(X) is nonempt!’ 
compact convex. By Bohnenblust and Karlin’s theorem, there exists a fixed- 
point z of S in A. For this z, it follows thatf(z) = z E T(x). QED. 
COROLLARY 3. Let X7 be a strictly convex Banach space and K be a nonempty 
bounded closed convex subset of X. Let .fi be a compact nonexpansive mapping of K 
into K and f2 be a nonexpansive mapping of K into K, and 0 < k < I. Let T be an 
upper semicontinuous mapping of K into 2K such that for any x E K, T(x) is non- 
empty closed convex. If f = kfl + (I - k)f, and T commute, then there exists 
an element z E K such that .f (z) = a E T(z). 
Proof. It can be seen that f is a k-set-contraction, hence condensing (cf. 
[171). Q.E.D. 
4. FIXED-POINT THEOREMS IN HILBERT SPACES 
In this section H denotes a Hilbert space. For each nonempty closed convex 
subset A of H, we denote PA the projection of H onto -4, i.e., P..,(x) is the clement 
of A closest to x E H. It is known that PA is nonexpansive [ 191. 
The following lemma is crucial in the proof of Theorem 5. 
LEMMA. Let K be a nonempty bounded closed convex subset of H and f be a 
nonexpansive mapping of K into K. Then A = {x E K: f (x) = x} is nonempty 
closed convex and for any closed convex subset K,, of K such that f (K,,) C K, , 
f’~(Ko) C 4, . 
Proof. By the fixed-point theorem of Browder [3], A is nonempty closed and 
since H is strictly convex, A is convex. Let K0 be a f-invariant closed convex 
subset of K. Fix x0 E K, and for each k (0 < k < l), define a mapping fk of K,, 
into K0 b! 
fJx) = kx, + (1 - k)f (4 (x E K,,); 
then fk is a (1 - k)-contraction and has a fixed-point yr in K, . By Browder [5], 
{yE} converges to PA(xO) as k + 0. Therefore, P,4(xu) E K, . QED. 
The following theorem presents a common fixed-point theorem for a non- 
expansive mapping and a multivalued nonexpansive mapping in full generality 
in Hilbert spaces. 
THEOREM 5. Let k’ be a nonempty bounded closed convex subset of H, f be a 
nonexpansive map& of K into K, and T be a nonexpansive mapping of k’ into 
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2K, where for any x E K, T(x) is nonempty compact convex. If f and T commute, 
then there exists an element z E K such that f (z) = z E T(z). 
Proof. -4 = {x E K: f (x) = } x is nonempty closed convex. Define a multi- 
valued mapping S of K into 2K by S(X) = T(P,(x)) (X E K); then, since PA is 
nonexpansive, S is nonexpansive. By Lami Doze’s theorem [14], there exists an 
element x,r E 5(x,). Since f and T commute, S(x,) is f-invariant. Thus, by the 
lemma, P,Jx,J E 8(x0). Put z = PA(xO); then we have f (z) = z E T(z). Q.E.D. 
5. FIXED-POINT THEOREMS ON STAR-SHAPED SUBSETS OF BANACH SPACES 
In this section we consider fixed-point theorems on star-shaped subsets of 
Banach spaces. 
DEFINITION 8. A subset K of a Banach space is called star-shaped if there 
exists an element x,, E K such that for any x E K and any k (0 < k < I), 
kx,$(l -k)x~K. 
We have the following theorem. 
THEOREM 6. Let K be a weakly compact star-shaped subset of a Banach space X 
which satisfies Opial’s condition. Let T be a nonexpansive mapping of K into 2x, 
where fey any x E K, T(x) is nonempty compact and for each x E SK (the boundary 
of K), T(x) C K. Then there exists an element z E K such that x E T(z). 
Proof. Since K is star-shaped, there is an element x0 E K such that for any 
x E K and any k (0 < k < l), kx, + (1 - k) x E K. Choose a sequence {kR} 
such that 0 < k, < 1 and k,, --f 0 as n + co. For each n, define a mapping 
T, of K into 2” by 
T,(x) = k,xO + (1 - RJ T(x) (x E K); 
then T,, is a (1 - k,)-contraction and for any x E i3K, T,(x) C K. By Assad and 
Kirk’s theorem [l], there is an element x, E K for which X, E TrL(xJ. Thus 
there exists a yn E T(x,) such that x, = knx,, + (1 - k,) y, . Since K is weakly 
compact, we may assume that {xn} converges weakly to some z E K. Considering 
that x, - yrl ~I- 0 as n - 03, we have x E T(z), because I - T is demiclosed 
by Lami Dozo [14]. Q.E.D. 
For single-valued mappings, we obtain the following corollary. 
COROLLARY 4. Let K be a weakly compact star-shaped subset of a Banach 
space X which satisfies Opial’s condition. Let f be a nonexpansive mapping of K 
into 9 such that f (aK) C K; then there exists a jixed point off in K. 
If K is compact, then the following theorem holds in any Banach space. 
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THEOREM 7. Let K he a compact star-shaped subset of a Banach space -1. and 
T be a nonexpansive mapping of K into 2x, where for each x E K, T(x) is nonempty 
compact and for any x E i?K, T(x) C K. Then there exists a z E k- such that 
x E T(z). 
Proof. Take an x,, E K such that for any x E K and any k (0 < k < I ), 
kx, + (1 - k) x E K, and select a sequence (kJ of real numbers such that 
0 < k,, < 1 and k, -+ 0 as n + m. Define a mapping T, of K into 2x by 
T,(x) = 4x,, + (1 - kn) T(x) (x E K), 
then as in the proof of Theorem 6, there exist an x, E K and a y,! E T(x,!) for 
which x, = k,xO + (1 - k,)y, . Since K is compact, we may assume that {x,J 
converges to some z E K. Then {y,,) also converges to z and, since T is upper 
semicontinuous, it follows that z E T(a). QED. 
If T is single-valued, then we have the following corollary. 
COROLLARY 5. Let K be a compact star-shaped subset of a Banach space X and 
f be a nonexpansive mapping of K into X such that f (3K) C K; then there exists (I 
fixed point off in K. 
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